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Abstract 
In this research effort, numerical simulation of two-dimensional magnetohydrodynamic (MHD) channel is performed and Hall 
effect is studied. The computational model consists of the Navier-Stokes (N-S) equations coupled with electrical-magnetic source
terms, Maxwell equations and the generalized Ohm’s law. Boundary conditions for the electrical potential equation considering 
Hall effect are derived. To start with, the MHD channel with single-pair electrodes is studied and flow of the electric current is in 
accordance with physical principle. Then the MHD channel with five-pair electrodes is numerically simulated. The results show 
that the electrical current concentrates on the downstream of the anode and the upstream of the cathode due to Hall effect, and the 
flow field becomes asymmetrical. At the current value of the magnetic interaction parameter, the electrical-magnetic force affects 
the flow remarkably, decreasing the outlet Mach number and increasing the outlet pressure; what’s more, the flow structure in the 
channel becomes extremely complex. Performances of MHD channels with continual electrodes and segmented electrodes are 
compared. The results show that performance of the MHD channel with segmented electrodes is better than that with continual 
electrodes with the increase of Hall parameter. 
Keywords: hypersonic vehicles; scramjet; magnetohydrodynamics; Hall effect; numerical simulation 
1. Introduction*
Since the 1950’s, applications of magnetohydro- 
dynamic (MHD) technology on aircraft have received 
considerable attention. Emphases of the research were 
MHD shock wave control and thermal management at 
the front of the aircraft[1-2]. In the 1990’s, a new con-
cept of using the combined turbojet and MHD scramjet 
engine as power system of the hypersonic cruiser was 
established. The project was named as the AJAX[3]
project, and the engine was called MHD controlled 
scramjet. The MHD controlling technology is on a new 
development path since then. In the AJAX program, an 
MHD generator is used to extract a portion of the 
aerodynamic heating energy from the inlet, and an 
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MHD accelerator is used to reintroduce this power as 
kinetic energy to the exhaust stream. In this way, the 
combustor entrance Mach number and static tem- 
perature can be limited to a specific value as the flight 
Mach number increases. 
The possibility of MHD energy bypass scramjet was 
analyzed using quasi-one-dimensional mathematical 
model by Freishtadt[4]. In the model, the gas was as-
sumed to be inviscid, thermally nonconducting ideal 
and constant specific heat. The channel was assumed to 
be ideally segmented Faraday MHD channel. The 
model was quite straightforward and fit for feasibility 
study of first period. Kuranov, et al.[5] have done re-
search on MHD controlled inlet with two-dimensional  
(2D) inviscid model consisting of the Euler equations 
coupled with electro-magnetic sources and generalized 
Ohm’s law, but Hall effect and ion-slip were not con-
sidered. Golovachov, et al.[6-7] researched the problem 
of gas control by magnetic field in the 2D intakes of 
supersonic aircraft. Conductivity tensor was used to Open access under CC BY-NC-ND license.
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solve the electrical potential equation. Wall boundary 
conditions for the potential equation are given by fixed 
values of electric field potential on the electrodes and 
by zero value of the electric current density normal to 
wall on the insulators, which was not enough when 
considering the Hall effect. This will be explained later. 
From the potential distribution figure in Ref.[6], Hall 
effect was not presented, and in the current distribution 
figure we can see that the current flows through the 
electrodes, insulators, inlet and outlet of the channel, 
which are obviously incorrect. Three-dimensional (3D) 
computational model was used by Gaitonde[8-10] to re-
search the phenomenon in MHD energy bypass scram-
jet, conductivity tensor was used to solve the electrical 
potential in 3D space considering Hall effect and ion 
slip, and the boundary conditions for electrodes and 
insulators were derived for implementation on general 
3D curvilinear meshes. 
Lu[11] employed the five-wave MHD model covering 
the influences of Hall effect and ion slip to analyze the 
aerothermodynamic and electromagnetic characteristics 
in Faraday-type MHD generator which was built in the 
MHD bypass scramjet. In Ref.[8] and Ref.[11], the 
potentials of the anode/cathode were set to be identical, 
which means all the anode/cathode are connected by 
wires, so the Hall current cannot be prevented. When 
setting boundary condition for the potential equation, 
not only the fixed value on the electrodes and zero 
value of the current density normal to wall on insula-
tors should be satisfied, but also the current for the pair 
of electrodes connected to the same circuit should also 
be identical. This principle has not been embodied in 
these references. Soloviev, et al.[12] solved 2D and 3D 
linear electro-dynamic problems for solid and finely 
segmented electrodes for the special case when load 
factor is zero. The method does not consider the inter-
action between flow and magnetic-electric filed. 
In this paper, the computational model consisting of 
Navier-Stokes (N-S) equations coupled with electri-
cal-magnetic source terms, Maxwell equations and 
generalized Ohm’s law is established for low magnetic 
Reynolds number Rem magnetic-hydro flow in super-
sonic channels. Boundary conditions for the potential 
equation are set for the case when considering the Hall 
effect. The MHD channel with single-pair electrodes is 
numerically simulated, and the distributions of electri-
cal parameters are studied. Then the MHD channel 
with five-pair electrodes is numerically simulated using 
the boundary condition setting rules established in this 
article, and Hall effect on the electrical-magnetic and 
flow parameters is analyzed. Performance of the MHD 
channel with continual electrodes, limited segmented 
electrodes and ideally segmented electrodes are com-
pared.
2. Computation Model 
2.1. Hydrodynamic equations 
In the hypersonic inlet, temperature of the flow is 
low, and the ionization degree is quite low[13]. Even the 
most efficient ionization method electron beams is used 
to shoot from both sides of the channel, Rem<<1 in the 
MHD channel. So in the MHD controlled scramjet en-
gine, the flow is always the low Rem flow. It is assumed 
that the gas is ideal and specific heat ratio is constant. 
The N-S equations coupled with electrical-magnetic 
source terms are 
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where U is density of flow, u the flow velocity, u=|u|, p
the pressure, Wthe viscous stress tensor[14], ei= cVT the 
inner energy of flow, cV the specific heat at constant 
volume, T the temperature, O the heat conduct coeffi-
cient, j the induce current density, B the magnetic in-
duction strength, and E the electric field strength. 
State equation is given as  
p RTU                 (4) 
2.2. Electrical-magnetic equations 
Electrical-magnetic equations include Maxwell 
equations, electric current continuity equation and the 
generalized Ohm’s law.  
Maxwell equations are 
t
wu   w
DH j , 0   B
t
wu   w
BE , eU   D
where magnetic field strength is given by H=B/P, and 
P is magnetic permeability of the gas; Electric dis-
placement vector D=HE, and H is permittivity; Ue is free 
charge density. In the MHD channel used for hyper-
sonic vehicle, the flow velocity is much lower than the 
velocity of light, so the displacement current caused by 
the excess charge is much lower than the conduction 
current caused by the electric-magnetic induction. So, 
the displacement current term D/t in the Maxwell 
equation can be ignored. The magnetic Reynolds num-
ber (Rem = PVuL, V is electrical conductivity, L is 
length) is very low (Rem~103) in the MHD channel 
used for hypersonic vehicles, and the induction mag-
netic field caused by current is much lower than the 
applied magnetic field and can be ignored. The applied 
magnetic field is usually constant, so B/t = 0. Max-
well equations can be simplified as 
u  0E                 (5) 
Current continuity equation is 
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0   j                  (6) 
Generalized Ohm’s law is 
( ) ( )V E  u  uj E u B j b          (7) 
where b=B/B, B=|B|, and E is Hall parameter of elec-
tron. Ion slip term is ignored because Hall parameter of 
ion is much smaller than that of electron. According to 
Ref.[13], Hall parameter of ion is 40-300 times smaller 
than that of electron. 
From Eq. (5), we can get E= M, where M  is elec-
tric field potential. Combine Eq.(6) and Eq.(7) and we 
get the Poisson equation as 
( ) [ ( ) ]BV M V E     u     u B u      (8) 
In 2D channel, if u = [u v  0], B = [0  0  B], E =
[Ex Ey  0], then jx and jy can be expressed as 
2 [( ) ( )]1x x y
j E vB E uBV EE          (9) 
2 [( ) ( )]1y y x
j E uB E vBV EE         (10) 
For supersonic MHD channel, the main performance 
parameters are enthalpy extraction ratio Kg and electri-
cal efficiency Ke. The energy extraction ratio is defined 
as
g g 0w wK  
where w0=cpT0+ 20u /2 is energy of gas at inlet, cp the 




qA x m³   the energy extracted from gas, q the en-
ergy extracting ratio, A the cross-sectional area of 
channel, m  the mass flow rate. The electrical effi-
ciency Ke is defined as 
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where qj is joule heat. 
According to local analyses of MHD channel with 
continual or ideally segmented electrodes, Șe= k can be 
get, where k = Ey / (uB) is load factor of the MHD chan-
nel. 
Past experience shows that Hall effect has serious 
influence on the MHD channel. The Hall parameter is 
defined as E= eB /(menkc), where e is charge of elec-
tron, me the electron mass, n the number density of 
neutral particle, and kc the electron scattering rate con-
stant. From definition it can be seen that distribution of 
Hall parameter is related to the flow field. To simplify 
the computation we assume that Hall parameter is con-
stant in the MHD interaction region. 
3. Numerical Method and Boundary Conditions 
3.1. Numerical method 
Eqs.(1)-(4) and Eqs.(8)-(10) constitute complete re-
solving equations for the MHD channel, and are dis-
credited by second order upwind format, and resolved 
by the implicit coupled solver. 
3.2. Boundary conditions 
For the N-S equations, pressure inlet is adopted for 
the inlet and the outlet, no-slip wall boundary is 
adopted and the wall temperature is set to be 1 000 K. 
For segmented electrodes MHD channel, boundary 
conditions at electrodes for the potential equations are 
usually set by two methods. The first is to set the po-
tential at electrodes, and usually set the potential at the 
anode/cathode to be the same; the second is to give 
current density distribution on the electrode according 
to experimental results. The dimensionless potential 
were set to be 1 and 0 on anode and cathode respec-
tively in Ref.[8] and Ref.[11], which means all the an-
ode/cathode were connected by wires and Hall current 
could not be prevented. In Ref.[15], jy =const on elec-
trode was assumed, and such current could be pre-
vented from fleeing, but the current focusing effect 
could not be simulated. The method of giving the cur-
rent density distribution on electrodes according to 
experimental results is costly and inconvenient[16].
In the present research effort, we will introduce a 
method to set boundary condition which is numerically 
viable and physically authentic. 
For inlet, outlet, and insulated walls: j·n=0.
For single-pair electrodes MHD channel, the elec-
trode voltage is estimated through external load factor 
exploited in the algebraic model: 
'My =Eydy=ku0Bdy
where dy is distance between anode and cathode.  
In MHD channel, due to Hall effect, the ions assem-
ble at inlet and positive particles assemble at outlet, so 
Hall electric field is negative. That means the potential 
at upstream is always lower than downstream[13]. For 
segmented electrode MHD channel, boundary condi-
tion at electrodes must satisfy two conditions:  
1) M = const at electrode. 
2)
i i 
  ³ ³j n j n , which means for the ith pair of 
electrodes connected to be one circuit, the current flow 
out of the cathode must be equal to the current flow 
into the anode. 
The electrode voltage for one pair of electrodes is 
estimated by 'My=Eydy=ku0Bdy, and the electrode volt-
age of the neighbor electrodes 'Mx=Mi+1Mi is deter-
mined by Hall parameter. The function of segmented 
electrodes is to avoid Hall current, so we can assume 
that in the middle of two pairs of electrode, jx=0.
From Eq. (9), we can get Ex=ȕ(Ey–uB), so  
( / )x x x y y xE d d uB dM E M'   '         (11) 
where dx is distance between the neighbor electrodes. 
4. Computational Model Validation 
4.1. Hartmann flow 
Theoretically, internal flow in the MHD generator 
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belongs to the Hartmann flow[17], which is one of the 
basic important flows having the analytical solution. 
So, the Hartmann flow can be used to verify the com-
putational model[18]. The size of channel is 20 mm× 
10 mm×2 mm, and that of the grid is 20×10×50, 
Re=100, Rem=1.5×104. Under these conditions, ratio 
of the induced magnetic induction to the applied mag-
netic induction is of magnitude of 105 and can be ig-
nored. In order to make the flow steady enough, the 
periodic boundary condition is adopted. Fig.1 shows 
the comparison of analytical solution and numerical 
solution, and it is obvious that they are totally coinci-
dent. In Fig.1, Ha is Hartmann number. 
Fig.1  Velocity profile at different Hartmann numbers. 
4.2. Comparison with experiment 
Ioffe Physico-Technical Institute of the Russian 
Academy of Science cooperated with the Johns Hop-
kins University, and they studied the problem of gas 
flow controlled by a magnetic field as applied to flows 
in intakes of supersonic aircraft using inert gas as 
working body, and the feasibility of controlling the 
shock wave by MHD was demonstrated experimen-
tally[19-21]. In this experiment, the external electric field 
has to be applied along the direction of the electromo-
tive force direction in order to decelerate the flow be-
cause of large near-wall potential drop. 
In the present research, parameters of Ref.[20] are 
adopted to calculate the flow: the working gas is Kr, 
Ma0=4.3, T0=1 550 K, U0=6.45×102 kg/m3, V0= 1 200 S/m, 
u0=2.1×103 m/s. Near-wall potential drop is not consid-
ered, and the setting U3=U4=U5=U6=6 V was made as 
shown in Fig.2, where 1-7 are numbers of electrodes.  
The geometry parameters of model are set according to 
Ref.[19].  
Fig.3 gives the comparison between numerical re-
sults and experimental results, and shows the distance 
of intersection of oblique shocks, arising from leading 
edges of the diffuser walls, versus induction of applied 
magnetic field. When B=0 T and U=0 V, we get xc =
42 mm, which is in accordance with experimental data. 
In the experiment, orientation of the applied electric 
Fig.2  Scheme of MHD channel with electrodes used in 
experiment.
Fig.3  Position of shock intersection point vs induction of 
applied magnetic field. 
field is along the electromotive force direction, i.e. j=
V (E+uB), so the extent of decelerating the flow is 
more obvious. While in the computational model, ori-
entation of the applied electric field is reverse to the 
electromotive force direction, i.e. j= V (–E+uB).
When electric voltage is applied and B=0, the flow is 
decelerated by joule heating and energy input, so 
xc<42 mm. When B=0.1 T, upstream channel is in gen-
erator mode and the flow is decelerated; while down-
stream channel is in accelerator mode and the flow is 
accelerated, so xc|B=0.1T>xc|B=0 T. When B>0.1 T the 
whole channel is in the generator mode, and xc is de-
creased.
Due to the lack of specific experimental data, dif-
ference of direction of the applied electric field, and 
uncertainty of some parameters in experiment, nu-
merical result is different from experimental result to 
some extent, but the whole trend is the same, i.e., in-
tersection point of the shock waves moves upstream as 
B increases. 
5. Simulation of MHD Channel 
5.1. Simulation of single-pair electrodes MHD channel 
Fig.4 shows the geometry of single-pair electrodes 
MHD channel with its size being 0.1 m×0.1 m, and the 
width of electrode is 0.04 m. The velocity u is along x
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direction, and the magnetic induction B along z axis. 
The size of grid is 110×120. 
Fig.4  Geometry and grid structure of single-pair electrodes 
MHD channel. 
The inlet flow conditions are set to be T0=1 000 K, 
p0=1.0×105 Pa, Ma0=4. Conductivity is set to be uni-
form with value of V =20 S/m. The magnetic induction 
is set to be uniform with B=0.5 T. The magnetic inter-
action number, which is defined as the ratio of mag-
netic body force to the fluid inertia force, is Q =
Vf 2Bf L/(Uf uf)=2.77×104, which implies that electrical 
magnetic force has little effect on flow parameters. The 
electrode voltage is estimated by ¨My = Eydy=ku0Bdy,
and is set as k=0.5 when B=0.5 T, ¨My = 60 V. Potential 
on anode is M +=30 V and potential on cathode is 
M –= 30 V. 
When E = 0, the current distribution and the poten-
tial distribution are shown in Fig.5. Fig.5(a) shows the 
current lines, in which the current flows from cathode 
to anode, and concentrates at the ends of electrodes. 
Fig.5(b) shows the distribution of the current density, 
and it is observed that the value is higher in the vicinity 
of electrode ends and is lower at inlet and outlet cor-
ners. Potential distribution is shown in Fig.5(c), and it 
is evident that the potential near the insulators is higher 
than that of electrodes. When the plasma flows through  
the MHD channel, the positive particles move towards 
Fig.5  Current and potential distribution when E = 0. 
lower wall of channel and negative particles move to-
wards upper wall due to the Lorentz force, so electrical 
field E pointing to upper wall is introduced. When con-
necting the electrodes to circuit, the current flows to 
release some accumulated charges, so the voltage be-
tween the electrodes is lower than that of the insulators. 
The computational result proves to be consistent with 
theoretical analysis. As Hall effect is not considered in 
this case, the distributions of both the current and po-
tential are symmetrical about line x=0.
Fig.6 depicts the current and potential distribution 
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Fig.6  Current and potential distribution when E = 1.0. 
when E = 1.0. It is shown that the Hall effect contrib-
utes to the asymmetry of both the distribution of the 
current and potential, and the current density concen-
trates at the upper end of the cathode and the lower end 
of the anode. Hall electric field pointing to the upper 
stream can be seen in Fig.6(c). 
5.2. Simulation of five-pair electrodes MHD channel 
The channel geometry is similar to that in Ref.[11]. 
As shown in Fig.7, the size is 0.2 m×0.04 m and elec-
trode width is 0.02 m. The incoming flow condition is 
the same as that in Section 5.1 and the grid size is 
205×50.
Fig.7  Geometry and grid of five-pair electrodes MHD 
channel.
Fig.8 shows the Mach number and pressure distribu-
tion of channel when B=0 T. Boundary layer develop-
ment can be observed in Fig.8(a). Effective flow area is 
decreased by the boundary layer, so the flow is com-
pressed. The compression waves are observed as 
shown in Fig.8(b). 
Fig.8  Mach number and pressure distribution when B=0 T. 
Figs.9(a)-9(c) show the current and potential distri-
bution when B=8 T and E = 0, and the electrode voltage 
is 'My=300 V and accordingly 0.52k  . The magnetic 
interaction number Q = Vf 2Bf L/(Uf uf) = 0.29, which 
means that the electrical magnetic force has an obvious 
effect on the flow parameters. In Fig.9(a), the current 
flows from cathode into the corresponding anode, 
which is connected to the same circuit. Fig.9(b) shows 
that the current density clusters at the ends of elec-
trodes and is symmetrical about center line of the 
channel y=0.2 m. The current density is decreased 
along the flow direction because the flow parameter is 
changed due to the magnetic-electrical effect. It is 
shown in Fig.9(c) that the potential distribution is sym-
metrical about center line of the channel and line 
x=0.1 m. 
Fig.9(d) shows the joule heating distribution along 
the wall. Without Hall effect, joule heating distribu-
tions of the upper and lower wall are the same. It is 
shown that joule heating distribution is consistent with 
current density distribution on walls; and values on 
electrode ends are much higher than the average value, 
which may introduce cooling problems. 
Figs.9(e)-9(f) show the Mach number and pressure 
distribution when B=8 T and E = 0. It is obvious that 
the Mach number decreases along x axis as a result of 
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Fig.9  Parameter distributions when B=8 T and E = 0. 
MHD effect, while pressure increases along x axis. It is 
shown in Fig.9(f) that waves arise from the ends of 
electrodes, and become a complicated wave system. 
Both Ma and p distributions are symmetrical about 
center line of the channel. 
When B=8 T and E = 0.5, the electrode voltage is 
'My=300 V and 'Mx=120 V according to the method 
described in Section 2.2. So the potential of electrodes 
on upper wall is 0, 120, 240, 360, 480 V respectively, 
and the potential of electrodes on lower wall is 300, 
420, 540, 660, 780 V respectively. Figs.10(a)-10(c) 
show the distributions of current and potential. It is 
shown that the distributions are asymmetrical due to 
Hall effect, and Hall electrical field pointing towards 
inlet direction is obvious. Fig.10(d) shows the joule 
heating on upper and lower walls. The Mach number 
and pressure distribution are shown in Figs.10(e)-10(f)  
Fig.10  Parameters distributions when B=8 T and E = 0.5. 
respectively. Due to the Hall Effect, the distributions 
are asymmetrical. 
5.3. Comparison of performance of different MHD 
channels 
Performance of the continual electrode MHD chan-
nel is deteriorated due to Hall effect and joule heating. 
In order to alleviate the disadvantage of Hall effect, 
segmented electrode can be used. For ideally seg-
mented electrode MHD channel, disadvantage of Hall 
effect can be eliminated theoretically, and the Hall cur-
rent is 0. Confined by electrode fabricating techniques 
and the material performance, the electrode cannot be 
segmented infinitely in practice, and finite segmented 
electrode is usually adopted instead. In this section, 
different kinds of MHD channels will be compared. 
Using the geometry of last section, the following 
values are set: B=8 T, V =20 S/m, 'My=300 V. The re-
sults are listed in Table 1. It is shown that performance 
of ideally segmented electrode is the best. When 
E = 0.5, performance of continual electrode MHD 
channel is better than that of five-pair electrodes MHD 
channel and worse than that of ten-pair electrodes 
MHD channel. When E >1.0, performance of five-pair 
electrodes MHD channel is better than that of continual  
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Table 1  Performance parameters of different kinds of channels 
Type of channel E k Ma2 p2/MPa Tmax/K q /(109W·m3) jq /(109W·m3) Șg/% Ș
Without MHD   3.84 0.108 2 257     
Ideally segmented 
electrode  0.42 2.28 0.243 2 476 1.54 2.16 8.28 0.417 
0.5 0.41 2.46 0.219 2 541 1.31 1.88 7.04 0.410 
Continual electrode 
1.0 0.39 2.78 0.183 2 749 0.92 1.39 4.92 0.398 
          
0.5 0.53 2.59 0.206 4 309 1.19 1.73 6.36 0.407 
Five-pair electrodes 
1.0 0.55 2.79 0.185 5 000 1.02 1.44 5.49 0.416 
          
0.5 0.48 2.37 0.219 3 681 1.33 1.90 7.13 0.412 
Ten-pair electrodes 
1.0 0.50 2.55 0.196 4 561 1.22 1.76 6.57 0.411 
electrodes MHD channel and worse than that of ten- 
pair electrodes MHD channel. It can be concluded that 
with the increase of E, the advantage of the segmented 
electrode MHD channel will become more obvious; 
performance of segmented electrode MHD channel is 
better when more electrodes are used. 
It should be noted that, when E =1.0, the highest 
temperature in the five-pair electrodes MHD channel 
reaches 5 000 K, which will introduce difficulty to 
cooling system. The high temperature near electrode is 
due to the current cluster at the ends of electrodes, 
which leads to high joule heating. High joule heating at 
the ends of electrodes causes not only high temperature 
but also complicated waves in the channel. The reason 
for the current cluster mainly lies in two aspects.  
1) The current between insulators comes into elec-
trodes;  
2) Hall effect makes the current cluster at upper 
point of cathodes and lower point of anodes. Making 
the electrode segmentation finer can alleviate the prob-
lems. 
6. Conclusions 
(1) Using the boundary condition given method de-
rived in this paper, the current flow phenomenon in the 
MHD channel can be simulated correctly.  
(2) The Hall effect makes the current concentrate at 
the upper ends of cathodes and lower ends of anodes, 
causing the flow to be asymmetrical. 
(3) When magnetic interaction number is 0.29, MHD 
has an obvious effect on the flow field: decreasing 
Mach number, increasing pressure and introducing 
complicated waves to the channel. 
(4) With the increase of ȕ, the advantage of the seg-
mented electrode MHD channel is more obvious; per-
formance of segmented electrode MHD channel is bet-
ter if segmentation of electrode is finer. But in the finite 
segmented electrode MHD channel, there exist local 
high temperature and complicated waves, helping the 
electrode segmentation finer alleviate the problems. 
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